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Liftings of finite linearly reductive torsors
of curves in positive characteristic
Shusuke Otabe
Abstract
Let U be a smooth curve over a complete discrete valuation ring R with algebraically closed
residue field k of characteristic p > 0 together with a smooth compactification X with D = X \U
e´tale overR. Let U0 denote its special fiber. Grothendieck’s specialization theorem for the prime-
to-p e´tale fundamental group includes the fact that any prime-to-p Galois covering of U0 can be
uniquely lifted to a prime-to-p covering of U . In this paper, we will ask such a lifting problem
for finite linearly reductive torsors and prove that the existence of a lifting is true if one allows a
finite extension of R. We will also observe that the unicity of a lifting cannot be valid in general
even in the equal characteristic case and discuss on a moduli-dependency of the corresponding
fundamental group scheme as a related topic.
1 Introduction
Let X be a smooth projective curve of genus g over a complete discrete valuation ring R with
algebraically closed residue field k of characteristic p > 0 and with fraction field K. Let D ⊂ X
be an effective relative divisor of X /S which is finite e´tale over R with n = #D(S) ≥ 0. Consider
the open curve U
def
= X \D. We will denote by U0 and UK the special fiber of U and the generic
fiber of U respectively.
Grothendieck’s specialization theorem for the tame fundamental group [10] implies that there
exists a natural surjective homomorphism between the tame fundamental groups of UK and of U0
πt1(UK)
// // πt1(U ) π
t
1(U0)
≃oo
and that this map induces the following isomorphism
πe´t1 (UK)
(p′) ≃ // πe´t1 (U )
(p′) πe´t1 (U0)
(p′).
≃oo (1.1)
Here K denotes an algebraic closure of K and (−)(p
′) stands for the maximal prime-to-p quotient
of each profinite group. One of ingredients of the isomorphism (1.1) is the fact that any prime-to-p
e´tale coverings of U0 can be uniquely lifted to U . Namely, for any prime-to-p e´tale Galois covering
V0 −→ U0, there exists a unique (up to isomorphism) prime-to-p e´tale Galois covering V −→ U
such that the special fiber of V is isomorphic to V0 as a finite e´tale covering over U0.
In the present paper, we will consider such a lifting problem for finite linearly reductive torsors.
However, it is known that there exists a projective smooth curve X over R of mixed characteristic
and a µpn,k-torsor Y0 → X0 which cannot be lifted to a µpn,R-torsor of X unless we replace R by
a finite extension (cf. [4, 3.3]). Therefore, we have to allow finite extensions of R. As a main result
of the present paper, we will prove the following (cf. Theorem 3.7).
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Theorem 1.1. Any torsor P0 −→ U0 under a finite linearly reductive k-group scheme G0 can be
lifted to a torsor of U under a finite linearly reductive R-group scheme after a finite extension of
R.
Next let us discuss on the unicity of such a lifting. To clarify the situation, let us restrict
ourselves to the proper case U = X . In the case where R is of mixed characteristic (0, p), it is
not difficult to see that a lifting of a given finite linearly reductive torsor over U0 is not necessarily
unique. Indeed, the cardinality of the set H1e´t(XK ,Z/pZ) of isomorphism classes of µp,K ≃ (Z/pZ)K-
torsors of XK is strictly greater than the cardinality of H
1
fppf(X0, µp,k). On the other hand, if R is
of equal characteristic p > 0, then the situation varies depending on each family U −→ SpecR. For
example, in the trivial case, i.e. in the case where X is isomorphic to the trivial family X0×k k[[t]],
then it is not difficult to see that a lifting of a given finite linearly reductive torsor of X0 is unique
up to isomorphism (cf. Corollary 4.10). On the other hand, there exists a family X −→ SpecR
such that the cardinality of H1fppf(XK , µp,K) is strictly greater than the one of H
1
fppf(X0, µp,k). The
cardinality of the set of µp-torsors of a smooth proper curve X defined over an algebraically closed
field of characteristic p > 0 can be described by the p-rank γ of the Jacobian variety Pic0X , which
depends on the moduli of the curve X.
To proceed our work in this direction, in the second half of the present paper, we will study the
tame fundamental group scheme (cf. [7, §10]) for a smooth connected curve U over an algebraically
closed field k of positive characteristic p > 0. This is one of variants of the fundamental group
scheme in the sense of Nori [14, Chapter II]. The tame fundamental group scheme πtame(U) is a
pro-finite linearly reductive group scheme which classifies finite linearly reductive torsors over U .
We will ask a moduli dependency of πtame(U). LetMg,n denote the moduli stack over Z classifying
smooth n-marked genus g-curves. Let Mg,n,k
def
= Mg,n ×SpecZ Speck and M −→ Mg,n be a finite
e´tale surjective morphism with M a smooth variety over k. Moreover, let (X ,D = (xi)
n
i=1) −→M
be a universal marked curve with U = X \ {xi}
n
i=1. As a main result, we prove the following (cf.
Theorem 4.16).
Theorem 1.2. We have the following.
(1) Suppose that 2g − 2 + n > 0 and that k = Fp. For any nonempty open subset W ⊆M , there
exist two points v0, v ∈W with v0 a specialization of v of codimension one such that
πtame(Uv) 6≃ π
tame(Uv0)×k(v0) k(v).
(2) Suppose that g ≥ 2, whence 2g− 2+n > 0 for any n ≥ 0. Let k be an arbitrary algebraically
closed field of characteristic p > 0. For any proper integral closed k-subscheme Z ⊂ M of
dimension one with the generic point t, then there exists a closed point s ∈ Z such that
πtame(Ut) 6≃ π
tame(Us)×k(s) k(t).
The first assertion can be considered as a variant of [18, Corollary] and the second one a variant
of [20, Theorems 4.4 and 4.8]. Note that, by [20, Theorem B.4], if g ≥ 3 and k is an algebraically
closed field of characteristic p > 0, then there exists a proper closed integral k-subscheme Z ⊂ M
of dimension one such that the p-rank γ = 0 of X on Z.
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Notation
We denote by Veck the category of finite dimensional vector spaces over a field k. For an affine k-
group scheme G, we denote by Rep(G) the category of finite dimensional left k-linear representations
of G. For each (V, ρ) ∈ Rep(G), we denote by V G the G-invariant subspace of G, i.e., V G = {v ∈
V | ρ(v) = v ⊗ 1}.
For an algebraic stack X over a scheme S, we denote by QCoh(X ) (respectively Vect(X )) the
category of quasi-coherent sheaves on X (respectively the category of vector bundles on X ). For a
field k, we have Vect(Speck) = Veck. If X is Noetherian, we also consider the category Coh(X ) of
coherent sheaves on X . If X = BSG is the classifying stack of an affine flat and finitely presented
S-group scheme G, then QCoh(BSG) is nothing but the category of G-equivariant sheaves over S.
Namely, it is the category of quasi-coherent sheaves F on S endowed with an action of G (cf. [1,
§2.1]). Therefore, we get a natural functor QCoh(BSG) −→ QCoh(S) which maps each G-equivariant
sheaf F to the G-invariant subsheaf FG. In particular, in the case where S = Speck is the spectrum
of a field k, all the three categories Coh(BG), Vect(BG) and Rep(G) are canonically equivalent to
each other.
2 Preliminaries
2.1 Nori fundamental gerbe
Let k be a field. A finite stack over k is an algebraic stack Γ over k which has finite flat diagonal and
admits a flat surjective morphism U −→ Γ for some finite k-scheme U (cf. [7, Definition 4.1]). A
finite gerbe over k is a finite stack over k which is a gerbe in the fppf topology. A finite stack Γ is a
finite gerbe if and only if it is geometrically connected and geometrically reduced (cf. [7, Proposition
4.3]). A finite gerbe Γ over k is a tannakian gerbe over k in the sense of [19, III §2]. A profinite
gerbe over k is a tannakian gerbe over k which is equivalent to a projective limit of finite gerbes
over k (cf. [7, Definition 4.6]).
Let X be a fibered category in groupoids over k. Suppose that X is inflexible over k in the
sense of [7, Definition 5.3], namely, it admits a profinite gerbe Π over k together with a morphism
X −→ Π such that, for any finite stack Γ over k, the induced functor
Homk(Π,Γ) −→ Homk(X ,Γ)
is an equivalence of categories (cf. [7, Theorem 5.7]). If such a gerbe Π exists for X/k, it is unique
up to unique isomorphism, so we denote it by ΠN
X/k, or Π
N
X for simplicity, and call it the Nori
fundamental gerbe for X over k (cf. [7]). If X is an algebraic stack of finite type over k, from the
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definition of ΠN
X/k, for any finite group scheme G over k, there exists a natural bijection
Homk(Π
N
X/k,BkG)
≃
−−→ Homk(X ,BkG) = H
1
fppf(X , G).
In this sense, the Nori fundamental gerbe ΠN
X/k classifies finite G-torsors over X for any finite group
scheme G over k. If we suppose that an inflexible algebraic stack X over k has a k-rational point
x ∈ X (k), then the composition Speck
x
−−→ X −→ ΠN
X/k defines a section ξ ∈ Π
N
X/k(k), whence
ΠN
X/k ≃ BkAutk(ξ). We denote by π
N(X , x) the group scheme Autk(ξ) over k, which is nothing
other than the fundamental group scheme of (X , x) in the sense of Nori [14, Chapter II]. Namely,
for any finite group scheme G over k, the set of homomorphisms Homk(π
N(X , x), G) is naturally
bijective onto the set of isomorphism classes of pointed G-torsors over (X , x). We call the profinite
group scheme πN(X , x) the Nori fundamental group scheme of (X , x).
Let X be an inflexible algebraic stack of finite type over k. A morphism X −→ Γ into a finite
gerbe Γ is said to be Nori-reduced (cf. [7, Definition 5.10]) if for any factorization X −→ Γ′ −→ Γ
where Γ′ is a finite gerbe and Γ′ −→ Γ is faithful, then Γ′ −→ Γ is an isomorphism. According
to [7, Lemma 5.12], for any morphism X −→ Γ into a finite gerbe, there exists a unique factorization
X −→ ∆ −→ Γ, where ∆ is a finite gerbe, X −→ ∆ is Nori-reduced and ∆ −→ Γ is representable.
A G-torsor P −→ X is said to be Nori-reduced if the morphism X −→ BG is Nori-reduced.
Under the assumption that X is proper over k, the Nori fundamental gerbe ΠN
X/k has a tannakian
interpretation in terms of vector bundles on X . Indeed, the pullback functor of the morphism
X −→ ΠN
X/k induces a fully faithful tensor functor
Vect(ΠNX/k) −→ Vect(X ). (2.1)
We denote by EFin(X ) the essential image of (2.1), which is a tannakian category over k, and call
a vector bundle V belonging to EFin(X ) an essentially finite bundle. In fact, this definition is an
informal one. For the detail, see [7, §7]. One of remarkable facts is that if X is proper, then the
category Vect(ΠN
X/k) can be realized as a full subcategory of Vect(X ).
2.2 Galois envelopes
In the case where the base field k is of positive characteristic p > 0, any finite k-group scheme G
can be written as an extension
1 −→ G0 −→ G −→ Ge´t −→ 1
of a finite e´tale group scheme Ge´t by a finite local k-group scheme G0. Therefore, some of problems
about G-torsors can be reduced to the e´tale case G = Ge´t and the local case G = G0 respectively.
Therefore, it is important to understand how the Nori fundamental gerbes or fundamental group
schemes of finite torsors behave. The first achievement about this problem was done by Esnault–
Hai–Sun.
Theorem 2.1. (cf. [9, Theorem 2.9]) Let X be a proper inflexible algebraic stack of finite type
over a field k. Suppose that X admits a k-rational point x ∈ X (k). Consider the pro-system I e´t of
pointed Nori-reduced e´tale torsors (Y, G, y) −→ (X , x). Then, for any object (Y, G, y) in I e´t, there
exists a natural exact sequence of affine k-group schemes
1 −→ πN(Y, y) −→ πN(X , x) −→ G −→ 1.
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More recently, in [6], it is shown that this result holds for an arbitrary (not necessarily e´tale)
finite torsor.
Theorem 2.2. (cf. [6, Theorem I(3)]) Let X be a proper inflexible algebraic stack of finite type
over a field k. Let Y −→ X be a Nori-reduced finite G-torsor where G is a finite k-group scheme.
Then the following diagrams are 2-Cartesian.
Y //

ΠN
Y/k
//

Spec k

X // ΠN
X/k
// BG.
This result is one of machineries for establishing a “Galois theory” for a larger class of finite
coverings of X , which they call ‘essentially finite covers’ in [6]. For example, a tower of finite torsors
(see Definition 2.3 below) gives an essentially finite covering (cf. [6, Theorem III]).
Definition 2.3. (cf. [6, Definition 3.1]) Let G and H be finite group schemes over a field k and
X an algebraic stack of finite type over k. Then a (G,H)-tower of torsors over X is a sequence of
morphisms of algebraic stacks
Z
h
−−→ Y
g
−−→ X
where g is a G-torsor and h is an H-torsor. We say that a (G,H)-tower of torsors is trivial if it is
a sequence of trivial torsors.
Following [6, §3], we denote by B(G,H) the stack over k whose section over a k-scheme U is the
groupoid of (G,H)-towers of torsors over U . According to [6, Proposition 3.3], the stack B(G,H) is
algebraic, locally of finite type over k and has affine diagonal. Moreover, in the case where G or H
is e´tale, the algebraic stack B(G,H) becomes a finite neutral gerbe over k (cf. [6, Proposition 3.7]).
Namely, there exists a finite k-group scheme Γ such that BΓ is isomorphic to B(G,H).
Let us describe the group scheme Γ under the assumption that G is e´tale. Let
ξ0 : G×H −→ G −→ Spec k
denote a trivial (G,H)-tower of torsors over Speck. Define Γ be the automorphism group scheme
AutB(G,H)(ξ0) over k. Then there exists a canonical fully faithful functor BΓ −→ B(G,H) whose
essential image is the substack of (G,H)-towers of torsors fppf locally isomorphic to ξ0. However,
under the assumption that G is e´tale, one can see that any (G,H)-tower of torsors Z −→ Y −→ X
over an algebraic stack of finite type over k is fppf locally isomorphic to ξ0 (cf. [6, Proof of Proposition
3.7]), whence an equivalence of categories
BΓ
≃
−−→ B(G,H). (2.2)
On the other hand, the forgetful functor B(G,H) −→ BG induces a k-homomorphism
α : Γ = AutB(G,H)(ξ0) −→ AutBG(G) = G,
which is surjective because it admits a splitting
G −→ Γ, g 7→ (tg, tg × idH),
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where tg stands for the multiplication by g. Furthermore, as described in [6, Lemma 3.6], the kernel
of α can be written as the Weil restriction of the group scheme G×H over G along to the structure
morphism G −→ Speck,
Ker(α) = ResG/k(G×H).
The evaluation at the unit 1 ∈ G gives a homomorphism
β : ResG/k(G×H) −→ H,
which is surjective because it admits a splitting given by
H(T ) −→ H(G× T ) = ResG/k(G×H)(T ), T : k-scheme,
whence
Ker(α) = H ⋉Ker(β). (2.3)
In particular, if G is constant, Ker(α) is isomorphic to the product
∏
g∈GH of copies of H, whence
Γ = G⋉
∏
g∈G
H, (2.4)
and β is the projection and the splitting of β is the diagonal homomorphism. Since we have
assumed that G is e´tale, after a finite separable extension of k, G becomes constant. Therefore, the
description (2.4) implies that Γ is a finite k-group scheme.
Now we have reached the notion of Galois envelope (cf. [6, Definition 3.8]).
Definition 2.4. With the same notation as above, suppose that G is e´tale. Then, the Galois
envelope for a (G,H)-tower ξ : Z −→ Y −→ X of torsors over X is a Γ-torsor P −→ X which
corresponds to the composition
X
ξ
−−→ B(G,H)
≃
←−− BΓ.
From the construction, the Galois envelope P −→ X recovers the given tower ξ in the following
way. Namely, the (G,H)-tower of torsors
P/Ker(β) −→ P/Ker(α) −→ X
is isomorphic to ξ : Z −→ Y −→ X .
2.3 Maps from twisted curves into tame stacks
The properness assumption in Theorems 2.1 and 2.2 are important. To apply them to non-proper
curves, we shall use the language of root stacks (cf. [2, Appendix B]), which provide us compactifi-
cations of an affine curve (cf. [15, Proposition 4.5]).
Let S be a scheme. A smooth S-curve X is a smooth and faithfully flat morphism f : X −→ S
of finite type. For an integer n ≥ 0, An n-marked smooth S-curve is a data (f : X −→ S,D =
(xi)
n
i=1), where f : X −→ S is a smooth S-curve and D = (xi)
n
i=1 is an n-tuple of disjoint sections
xi : S −→ X. Note that D can be considered as an n-tuple of effective Cartier divisors such that
the sum D
def
= {xi}
n
i=1 ⊂ X is a simple normal crossings divisor of X which is finite e´tale over S.
To each n-marked smooth S-curve (X,D) together with an n-tuple r = (ri)
n
i=1 of positive integers
ri > 0, we can associate the algebraic stack
r
√
D/X over S, called the root stack associated with the
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data (X,D, r). Indeed, the n-tuple of associated line bundles together with the canonical sections
(OX(D), sD) defines a morphismX −→ [A
n/Gnm] into the quotient stack [A
n/Gnm] under the natural
action of Gnm on A
n. Then the root stack r
√
D/X is defined as the 2-fiber product
r
√
D/X

//

[An/Gnm]
θr

X // [An/Gnm],
where θr is the rth power map (ai)
n
i=1 7→ (a
ri
i )
n
i=1. In fact, the root stack
r
√
D/X is a tame stack
over S in the sense of [1] and the morphism r
√
D/X −→ X in the diagram is its coarse moduli
space. In particular, if X −→ S is proper, then the root stack r
√
D/X is proper over S as well.
Moreover, in this case, the root stack r
√
D/X gives an n-marked smooth twisted curve over S in
the sense of [3, §2].
In [3], Abramovich–Olsson–Vistoli studied moduli stacks of maps from twisted curves into proper
tame stacks M. We will apply their works to the specific situation where M = BSG with G finite
flat linearly reductive S-group scheme.
3 Lifting problem for linearly reductive torsors of curves
3.1 Linearly reductive group schemes
In this subsection, we recall the definition of linearly reductive group schemes. Let S be the spectrum
of a strictly henselian local ring or a separably closed field. For an affine flat S-group scheme G,
we will denote by X(G) the group of characters of G, namely X(G)
def
= HomS-gr(G,Gm,S). Let Γ be
an (abstract) abelian group. We denote by DiagS(Γ) the diagonalizable S-group scheme associated
with Γ [25, Section 2.2]. For example, DiagS(Z) = Gm,S and DiagS(Z/mZ) = µm,S (m ∈ Z>0).
An affine flat S-group scheme G is said to be diagonalizable if G ≃ DiagS(Γ) for some Γ. Then
the correspondence Γ 7→ DiagS(Γ) gives an anti-equivalence between the category of abelian groups
and the category of diagonalizable S-group schemes. A quasi-inverse functor is given by G 7→ X(G).
Furthermore, this anti-equivalence is compatible with any base change. Namely, for any extension
S′ → S, DiagS′(Γ) ≃ DiagS(Γ) ×S S
′ for any abelian group Γ, or equivalently X(G) = X(G×S S
′)
for any diagonalizable S-group scheme G.
Let X be an S-scheme and G a diagonalizable S-group scheme. Then the first fppf cohomology
H1fppf(X,G)
is the set of isomorphism classes of G-torsors of X. This has a natural structure of an abelian group
since G is commutative. The relative one
H1fppf(X/S,G)
def
= H1fppf(X,G)/H
1
fppf (S,G) (3.1)
is then canonically isomorphic to the set of isomorphism classes of pointed G-torsors of X [5, Section
3.1, Lemma 3.3].
A finite flat group scheme G over a scheme S is said to be linearly reductive (cf. [1, §2]) if the
functor
QCoh(BSG) −→ QCoh(S); F 7→ F
G
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is exact. If S = Spec k is the spectrum of a field k, then the latter condition can be replaced by the
condition that the functor
Rep(G) −→ Veck; V 7→ V
G
is exact, or equivalently, Rep(G) is a semi-simple category. According to [1, Proposition 2.10], if
S is the spectrum of a strictly henselian local ring or a separably closed field, then a finite group
scheme G over S is linearly reductive if and only if it admits an exact sequence
1 −→ ∆ −→ G −→ H −→ 1
such that H is constant and tame and ∆ is a diagonalizable group scheme and the extension admits
a splitting after an fppf cover of S. In fact, if k is an algebraically closed field of characteristic
p > 0, then the connected-e´tale exact sequence
1 −→ G0 −→ G −→ Ge´t −→ 1
gives such an exact sequence which is split for a finite linearly reductive k-group scheme G, namely,
Ge´t has prime to p order and G0 is diagonalizable. Recall that the splitting is given by the reduced
subgroup scheme Gred of G,
Gred
  //
≃
99G
// Ge´t.
3.2 Lifting problem for finite diagonalizable torsors
Let k be an algebraically closed field of characteristic p > 0. Let X0 be a projective smooth
connected curve over k. Let ∅ 6= U0 ⊆ X0 be an open subscheme of X0. Let D0
def
= X0 \ U0. We
shall consider D0 as a reduced divisor of X0. Let n
def
= #D0(k). Let J0
def
= Pic0X0/k be the Jacobian
variety of X0. Let JD0 be the generalized Jacobian variety of X0 with respect to the divisor D0 [22].
Note that since D0 is reduced, JD0 is a semi-abelian variety over k. More precisely, there exists an
exact sequence of commutative algebraic groups over k,
0 −→ LD0 −→ JD0 −→ J0 −→ 0.
Here, LD0 is an affine commutative algebraic group over k which represents the fppf sheaf π∗Gm,D0/Gm,k,
where π : D0 → Speck is the structure morphism. Since now k is algebraically closed, LD0 is non-
canonically isomorphic to G⊕n−1m,k . Let φ : U0 −→ JD0 be the associated k-morphism.
Lemma 3.1. For any integer m > 0, the restriction map
φ∗ : Ext1(JD0 , µpm) −→ H
1
fppf(U0, µpm) (3.2)
is injective.
Proof. Let us consider an extension of commutative group schemes
0 −→ µpm,k −→ J
′ f−−→ JD0 −→ 0 (3.3)
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and suppose that φ∗J ′ −→ U0 is a trivial torsor, i.e., it admits a section U0 → φ
∗J ′. The morphism
φ : U0 −→ JD0 then extends to a morphism ψ : U0 −→ J
′,
J ′
f

U0
ψ
==③③③③③③③③③
φ
// JD0 .
We shall show that the extension (3.3) is trivial. Now, as U0 is reduced, the morphism ψ factors
through the reduced subgroup scheme J ′red of J
′. Therefore, we may assume that J ′ is reduced. By
the universality of φ : U0 −→ JD0 , it suffices to show that D0 is a modulus for ψ. However, since
J ′ is finite over a semi-abelian variety JD0 , the reduced commutative algebraic k-group scheme J
′
must be a semi-abelian variety as well. Therefore, by [22, III Propositions 13 and 14], the reduced
divisor D0 is a modulus for the morphism ψ : U0 −→ J
′. This completes the proof.
Proposition 3.2. For any finite local diagonalizable k-group scheme ∆0, the restriction map
φ∗ : Ext1(JD0 ,∆0) −→ H
1
fppf(U0,∆0) (3.4)
is bijective.
Proof. We may assume that ∆0 = µpm,k for some integer m > 0. If U0 = X0, then the claim is a
consequence of [5, Corollary 3.8]. Therefore, we may assume that U0 is affine. By [17, Proposition
3.2], we have
H1fppf(U0, µpm) ≃ (Z/p
mZ)⊕γ+n−1.
Therefore, thanks to Lemma 3.1, it suffices to show that there exists an isomorphism of abelian
groups
Ext1(JD0 , µpm) ≃ (Z/p
mZ)⊕γ+n−1.
By [16, II.12, Lemma (12.2)], the sequence
0 −→ Ext1(J0, µpm) −→ Ext
1(JD0 , µpm) −→ Ext
1(LD0 , µpm) −→ 0
is a short exact sequence of Z/pmZ-modules. Since LD0 ≃ G
⊕n−1
m,k , by considering the following
exact sequence
End(Gm,k)
pm
−−−→ End(Gm,k) −→ Ext
1(Gm,k, µpm) −→ Ext
1(Gm,k,Gm,k) = 0,
we can find that Ext1(LD0 , µpm) ≃ (Z/p
mZ)⊕n−1. On the other hand, Ext1(J0, µpm) ≃ (Z/p
mZ)⊕γ ,
whence the claim.
Let R be a complete discrete valuation ring with residue field k with the fraction field K
def
=
FracR. Let S
def
= SpecR. Let η ∈ S be the generic point and s ∈ S the closed point. Fix an
algebraic closure K of K and denote the separable closure of K in K by Ks. Let R denote the
integral closure of R in K which is a valuation ring. We shall identify the residue field of R with the
field k. We shall denote by η and s the generic point and the closed point respectively. By a finite
extension of R, we mean the integral closure R′ of R in a finite extension K ′ of K in K, which is a
complete discrete valuation ring with the same residue field k as R.
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Let f : X −→ S be a family of projective smooth curves of genus g ≥ 0. Let D ⊂ X be an
effective relative divisor of X /S which is finite e´tale over S. We put n
def
= #D(S). We denote
by U
def
= X \ D and also denote by f the restriction of f to U . Fix a section x : S −→ U
of f : U −→ S. Let X0
def
= Xs
def
= X ×S s be the special fiber. Similarly for D0, U0, x0. Let
XK
def
= Xη
def
= X ×S η be the generic fiber. Similarly for DK , UK , xK .
Let J
def
= Pic0X /S be the Jacobian scheme of X /S. Similarly, we define JK (respectively J0)
to be the Jacobian variety of XK (respectively of X0). Note that J ×S η = JK and J ×S s = J0.
We denote by γ the p-rank of J0 (cf. [13]), whicn we also call the p-rank of the curve X0 (cf. [8]).
We shall denote by JD the generalized Jacobian scheme of X /S with respect to D in the sense
of [21, Section III]. Then there exists an exact sequence of commutative S-group schemes
0 −→ LD −→ JD −→ J −→ 0 (3.5)
where LD represents the fppf sheaf π∗Gm,D/Gm,S with π : D −→ S the structure morphism. Since
π : D −→ S is finite e´tale and S is strict henselian, we have LD ≃ G
⊕n−1
m,S non-canonically.
Now we solve the lifting problem for diagonalizable torsors.
Proposition 3.3. Any diagonalizable torsor (P0, G0, p0) −→ (U0, x0) can be lifted to a diagonaliz-
able torsor over (U /S, x) after a finite extension of R.
For the proof, we will need several lemmas. First we shall show that the proposition holds for
proper curves:
Lemma 3.4. Any diagonalizable torsor (P0, G0, p0) −→ (X0, x0) can be lifted to a diagonalizable
torsor over (X /S, x) after a finite extension of R.
Proof. We may assume that G0 = µm,k for some integer m > 0. By [5, Corollary 3.8], it suffices to
show that the reduction map
J ∨[m](S) −→ J∨0 [m](k)
is surjective where (−)∨ means the dual abelian scheme or variety. Since J ∨ is an abelian S-scheme,
the closed subgroup scheme J ∨[m] is a finite flat commutative group scheme over S. Therefore,
the natural reduction map
J ∨[m](K)
≃
←−− J ∨[m](S) −→ J∨0 [m](k)
is surjective, which completes the proof.
Lemma 3.5. For any integer r,m > 0, there exist isomorphisms of abelian groups
Ext1(G⊕rm,S, µpm) ≃ H
1
fppf(G
⊕r
m,S/S, µpm) ≃ (Z/p
mZ)⊕r.
Therefore, the reduction map
Ext1S(G
⊕r
m,S , µpm,S) −→ Ext
1
k(G
⊕r
m,k, µpm,k)
is an isomorphism.
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Proof. First we will show that
Ext1S(G
⊕r
m,S ,Gm,S) = H
1
fppf(G
⊕r
m,S ,Gm) = 0. (3.6)
The second equality is valid because Pic(G⊕rm,S) = 0 together with Hilbert’s Theorem 90 [12, III
Proposition 4.9]. Thus, for the first equality, it suffices to show that the natural map
Ext1S(G
⊕r
m,S ,Gm,S) −→ H
1
fppf(G
⊕r
m,S ,Gm)
is injective. This is valid because any S-morphism φ : G⊕rm,S → G
⊕r′
m,S between tori with φ(1) = 1 must
be an S-homomorphism of group schemes. Therefore, we can obtain the vanishing of cohomologies
(3.6). Then we have the following commutative diagram:
0 // EndS-gr(G
⊕r
m,S)
pm //

EndS-gr(G
⊕r
m,S)
//

Ext1S(G
⊕r
m,S, µpm,S)

// 0
0 // EndS(G
⊕r
m,S)/R
×
pm // EndS(G
⊕r
m,S)/R
× // H1fppf(G
⊕r
m,S/S, µpm)
// 0.
Here, the two horizontal sequences are both exact. Since the left and middle vertical arrows are
bijective, the right vertical arrow is also bijective. Thus the first assertion holds. On the other
hand, the same argument implies that the natural map Ext1k(Gm,k, µpm,k) → H
1
fppf(Gm,k, µpm) is
bijective (cf. See also Proposition 3.2). Finally since the map
Z/pmZ ≃ H1fppf(Gm,S/S, µpm) −→ H
1
fppf(Gm,k, µpm) ≃ Z/p
mZ
is bijective, we obtain the second assertion.
Proof of Proposition 3.3. We may assume that G0 = µlm,k for some prime l and some integer m > 0.
However, if l 6= p, then the assertion is a part of Grothendieck’s specialization theorem for the e´tale
fundamental group [10]. So we may assume that l = p. Furthermore, we may assume that P0 → U0
cannot be reduced to a proper subtorsor, i.e., that there exist no pair of a proper subgroup scheme
H0 ( G0 and an H0-torsor Q0 → U0 such that P0 ≃ Ind
G0
H0
(Q0). In the following, we shall adopt the
argument in [21, Section IV.1]. According to Proposition 3.2, the G0-torsor P0 → U0 comes from
some isogeny over the generalized Jacobian variety JD0 . Namely there exists an exact sequence of
commutative group schemes
0 −→ G0 −→ J
′
D0 −→ JD0 −→ 0 (3.7)
such that the following diagram is cartesian:
P0

//

J ′D0

U0
φ0
// JD0 ,
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where φ0 : U0 → JD0 is the natural morphism. The exact sequence (3.7) decomposes in the form
0

0

0

0 // N0 //

G0 //

H0 //

0
0 // LD0 //
f0

J ′D0
//

J ′0
//
g0

0 (E′0)
0 // LD0 //

JD0
//

J0 //

0 (E0)
0 0 0
(3.8)
Here, the isogeny f0 : LD0 → LD0 has been defined as follows. By Lemma 3.5, there exist an isogeny
f0 : LD0 → LD0 with kernel N0 and the embedding N0 →֒ G0 such that
J ′D0 ×JD0 LD0 = Ind
G0
N0
(LD0
f0
−→ LD0),
which defines the inclusion of the left vertical sequence into the middle one. The right vertical
sequence is then induced by the snake lemma. We shall denote by (E0) (respectively (E
′
0)) the
extension class defined by the third horizontal exact sequence (respectively the one defined by the
second horizontal exact sequence). Note that by our assumption on P0 → U0, the commutative
group scheme J ′0 must be an abelian variety.
According to [5, Corollary 3.8] and Lemma 3.4, after a finite base change of R, the isogeny
g˜0 : J
′
0 → J0 can be lifted to an isogeny g : J
′ → J between abelian schemes over S whose kernel
is diagonalizable. On the other hand, according to Lemma 3.5, the left vertical sequence also lifts
to an exact sequence
0 −→ N −→ LD
f
−−→ LD −→ 0.
We have constructed the diagram
0

0

N

H

LD
f

J ′
g

0 // LD //

JD //J //

0 (E)
0 0
with (E) the extension class defined by the horizontal exact sequence.
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Note that f can be represented by an (n − 1) × (n− 1) matrix with coefficients in Z. We shall
assume that det(f) = rankON = p
r. Take a matrix f˜ ∈Mn−1(Z) such that f f˜ = p
r. Consider the
following exact sequence
0 −→ Ext1S(J
′,N ) −→ Ext1S(J
′,LD)
f∗
−−→ Ext1S(J
′,LD)
and note that g∗(E) ∈ Ext1S(J
′,LD) ≃ J
′∨(S)⊕n−1, where J ′∨
def
= Pic0J ′/S is the dual abelian
scheme of J ′. Since J ′∨ is an abelian scheme over S, the multiplication-by-pr-map pr : J ′∨(K) =
J ′∨(S) → J ′∨(S) = J ′∨(K) is surjective. This implies that after a finite extension of R, there
exists an extension class E˜ ∈ Ext1S(J
′,LD) such that g
∗(E) = prE˜.
If we define E′
def
= f˜ E˜ ∈ Ext1S(J
′,LD), then we have f∗E
′ = g∗(E). Now let us consider the
following exact sequence
0 −→ Ext1(J ′0, N0) −→ Ext
1(J ′0, LD0)
(f0)∗
−−−−→ Ext1(J ′0, LD0) −→ 0.
Note that the two classes E′s and E
′
0 belong to Ext
1(J ′0, LD0) and those both are mapped to g
∗
0(E0)
by (f0)∗, whence E
′
s −E
′
0 ∈ Ext
1(J ′0, N0). Then again by Lemma 3.4 and [5, Corollary 3.8], after a
finite extension of R, the extension class E′s −E
′
0 ∈ Ext
1(J ′0, N0) can be lifted to an extension class
E′′ ∈ ExtS(J
′,N ). Then the class E′ + E′′ ∈ Ext1S(J
′,LD) gives a lift of E
′
0.
Let us fix an extension
0 −→ LD −→ J
′
D −→ J
′ −→ 0
representing the class E′+E′′ and define a diagonalizable torsor P → U by the cartesian diagram
P

//

J ′D

U
φ
//JD,
where φ : U → JD is the natural morphism. By Proposition 3.2, we can conclude that P → U
is a lift of P0 → U0. This completes the proof.
Remark 3.6. Let A be an abelian scheme over S. Mattuck’s result [11, Theorem 6] implies that
the multiplication by p map A(S)→ A(S) is not surjective unless A = 0.
3.3 Lifting problem for finite linearly reductive torsors
We shall continue to use the same notation as in the previous subsection. Now we shall solve the
lifting problem for arbitrary linearly reductive torsors of curves.
Theorem 3.7. Any linearly reductive torsor (P0, G0, p0) −→ (U0, x0) can be lifted to a linearly
reductive torsor over (U /S, x) after a finite extension of R.
We need the following lemma. Here, for a finite gerbe Γ over k, take an object ξ : Speck′ −→ Γ
for some finite extension k′ of k and define the degree of Γ by deg Γ = dimk′OAutk′ (ξ), which is
independent of the choice of ξ (cf. [7, Definition 4.4]).
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Lemma 3.8. Let X be a proper inflexible algebraic stack of finite type over a field k. Let G
and H be finite k-group schemes with G constant. Suppose given a (G,H)-tower of torsors over
X (cf. Definition 2.3),
Z −→ Y −→ X
with Y −→ X Nori-reduced and let X −→ B(G,H) denote the corresponding morphism into a finite
neutral gerbe over k (cf. (2.2)), which uniquely factors through a Nori-reduced morphism X −→ Φ
into a finite gerbe over k. In this case, if
g∗Z = Z ×Y ,g Y ≃ Z
as H-torsors over Y for any g ∈ G, then we have
deg Φ ≤ dimkOG · dimkOH .
Proof. Since G is constant, there exists a finite k-group scheme Γ together with an isomorphism
BΓ
≃
−−→ B(G,H) of algebraic stacks. Let us describe the Galois envelope P −→ X associated with
the given tower Z −→ Y −→ X (cf. Definition 2.4). First recall that Γ admits a factorization
(cf. (2.4))
Γ = G⋉
∏
g∈G
H,
where the action of G on the component
∏
g∈GH is induced by the multiplication of G. Then P
can be written
P =
∏
g∈G
g∗Z −→ Y −→ X (3.9)
as a (G,
∏
g∈GH)-tower of torsors over X .
Now let us prove the lemma. We may assume that k is algebraically closed. In particular, we
can take k-rational points x ∈ X (k) and y ∈ Y(k) where y is lying above x. Then by Theorem
2.1(1), after choosing a k-rational point p ∈ P(k) lying above y, we get a commutative diagram of
affine group schemes
1 // πN(Y, y) //
ψ

πN(X , x) //
φ

G // 1
1 //
∏
g∈GH
// Γ // G // 1
where the two horizontal sequences are exact. Then the degree deg Φ is nothing other than the
order dimkOIm(φ) of the image of φ, which is a closed subgroup scheme of Γ. However, by the
assumption, the induced morphism ψ factors through the diagonal homomorphism H −→
∏
g∈GH,
which implies the inequality
dimkOIm(φ) ≤ dimkOG · dimkOH .
This completes the proof.
Proof of Theorem 3.7. We may assume that (P0, G0, p0) is Nori-reduced. Since k is algebraically
closed of characteristic p > 0, G0 can be written as a semi-direct product
G0 ≃ H0 ⋉∆0
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of a constant and tame group scheme H0 and a local and diagonalizable group scheme ∆0. Let us
consider the quotient Q0
def
= P0/∆0 of P0 by the action of ∆0, which is an H0-torsor over U0. Let
H and ∆ be canonical liftings of H and ∆ respectively.
Let Γ0 be the automorphism group scheme AutB(H0,∆0)(ξ0) of the trivial tower of torsors
ξ0 : H0 ×∆0 −→ H0 −→ Spec k.
Then there exists a faithful morphism of finite tame gerbes
BG0 −→ B(H0,∆0)
≃
←−− BΓ0.
Since H0 is constant and tame, the H0-torsor Q0 −→ U0 is uniquely lifted to an H-torsor Q −→ U .
Moreover, by Proposition 3.3, after a finite extension of R, the ∆0-torsor P0 −→ Q0 can be lifted
to a ∆-torsor P −→ Q. Now, by restricting to the generic fibers, we get a morphism
UK −→ B(HK ,∆K)
=
←−− BΓK.
From the description (2.4), one can see that ΓK is linearly reductive. By [15, Proposition 4.5],
there exists an n-tuple r = (ri)
n
i=1 of positive integers such that the morphism UK −→ BΓK can be
extended to a morphism
XK
def
= r
√
DK/XK −→ BΓK
from the root stack XK (cf. §2.3), which is proper and inflexible over K. Moreover, since ∆ is
abelian and p ∤ #H, we can replace P by
1
#H
∑
h∈H
h∗P ∈ H1fppf(Q/S,∆).
Hence, h∗P ≃ P as ∆-torsors over Q for any h ∈ H. Note that the reduction of P is still isomorphic
to P0.
Therefore, by Lemma 3.8, after a finite extension of K, the above morphism XK −→ BΓK
factors through a Nori-reduced morphism XK −→ BGK where GK is a closed subgroup scheme of
ΓK with
dimKOGK ≤ dimKOHK · dimKO∆K .
Since G and Γ are linearly reductive, by [15, Corollary 4.3], after a finite extension of R, we get
a commutative diagram
U //
!!❉
❉❉
❉❉
❉❉
❉ BΓ.
BG
OO
Let us denote by P −→ U the G-torsor corresponding to the morphism U −→ BG. Now we
get another factorization of the morphism U0 −→ BΓ0 associated with the tower of torsors P0 −→
Q0 −→ U0,
U0
Ps−−−→ BGs −→ BΓs = BΓ0.
15
However, since BGs −→ BΓ0 is representable, the morphism given by Ps must factor through the
Nori-reduced morphism U0 −→ BG0.
U0
Ps //
P0 ""❊
❊❊
❊❊
❊❊
❊
BGs.
BG0
OO
As BG0 −→ BΓ0 is representable, so is the resulting morphism BG0 −→ BGs. However, since
dimkOGs ≤ dimkOH0 · dimkO∆0 = dimkOG0 ,
the morphism BG0 −→ BGs must be an isomorphism (cf. [7, Proposition 4.5]), which implies that
the G-torsor P −→ U gives a lifting of the G0-torsor P0 −→ U0. This completes the proof.
Remark 3.9. Let k be an algebraically closed field and H and ∆ finite k-group schemes together
with a homomorphism ρ : H −→ Autk(∆). Suppose that H is constant. Let G = H ⋉ ∆ be
the associated semi-direct product group scheme of H and ∆. Let Γ be the automorphism group
scheme AutB(H,∆)(ξ0) of the trivial tower ξ0 : H × ∆ −→ H −→ Spec k. and consider a natural
representable morphism of finite gerbes
BG −→ B(H,∆)
≃
←−− BΓ.
In the following, we shall identify BΓ = B(H,∆). Since k is algebraically closed, the representable
morphism BG −→ BΓ comes from an injective homomorphism
φ : G −→ Γ.
Now the (H,∆)-tower of torsors
G −→ H −→ Spec k
is canonically isomorphic to ξ0 and the homomorphism φ can be described as follows. The ho-
momorphism φ induces the identification idH : H
=
−−→ H. Then the restriction of φ to ∆ factors
through ResH/k(∆) =
∏
h∈H ∆ and the resulting homomorphism
∆ −→ ResH/k(∆)
maps each element δ ∈ ∆ to the #H-tuple (ρ(h)(δ))h∈H ∈
∏
h∈H ∆. Therefore, for any G-torsor
Z −→ X over an algebraic stack X of finite type over k, the associated Γ-torsor P −→ X can be
described as an (H,
∏
h∈H ∆)-tower
P =
∏
h∈H
Zh −→ Y −→ X ,
where Y = Z/∆ and, for each h ∈ H, we define Zh = Z ×
∆,ρ(h) ∆. (Note that Zh is isomorphic to
Qh ∧ Z with Olsson’s notation in [15, §3].) Then, by combining with the description (3.9) in the
proof of Lemma 3.8, we can find that there exist isomorphisms
χh : Zh
≃
−−→ h∗Z, h ∈ H
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of ∆-torsors over Y, which make the following diagram commute
(Zh)h′
χh // (h∗Z)h′
h∗(Zh′)
χh′

Zh′h χh′h
// (h′h)∗Z
(3.10)
for any h, h′ ∈ H (cf. [15, 3.3]). In fact, according to [15, Proposition 3.1], the essential image of
the functor Hom(X ,BG) −→ Hom(X ,B(H,∆)) is the subcategory of (H,∆)-towers
Z −→ Y −→ X
which can be endowed with the isomorphisms χh : Zh
≃
−−→ h∗Z (h ∈ H) of ∆-torsors over Y which
make the diagram (3.10) commutative.
4 Variation of the tame fundamental gerbes of curves
4.1 Tame fundamental gerbe
In this subsection, we recall the definition of the tame fundamental gerbe (and tame fundamental
group scheme) in the sense of Borne–Vistoli (cf. [7, §10]).
Definition 4.1. (cf. [7, Definition 10.1]) A finite stack Γ over a field k is said to be tame if the
functor Coh(Γ) −→ Veck given by F 7→ H
0(Γ, F ) is exact.
For example, if G is a finite k-group scheme, then BG −→ Spec k is tame if and only if G is a
linearly reductive k-group scheme (cf. [1, §2]).
Proposition 4.2. (cf. [7, §10]) Let X be an inflexible algebraic stack of finite type over a field k.
Then there exists a profinite gerbe Π together with a morphism X −→ Π such that for any finite
tame stack Γ over k, the induced functor
Homk(Π,Γ) −→ Homk(X ,Γ)
is an equivalence of categories.
Definition 4.3. (cf. [7, Definition 10.4]) With the same notation as above, such a profinite gerbe
Π is unique up to unique isomorphism for X/k. Therefore, we denote it by Πtame
X/k , or Π
tame
X for
simplicity, and call it the tame fundamental gerbe for X over k. Moreover, if X admits a k-rational
point x : Speck −→ X , then we denote by πtame(X , x) the automorphism group scheme Autk(ξ) of
the object ξ : Spec k
x
−−→ X −→ Πtame
X/k and call it the tame fundamental group scheme for (X , x).
In the case where X is proper over k, an essentially finite bundleE on X is said to be tamely finite
if all the indecomposable components of all the tensor powers E⊗n are irreducible (cf. [7, Definition
17
12.1]). We now define the category TFin(X ) to be the full subcategory of EFin(X ) which consists
of tamely finite bundles on X . Then, the fully faithful functor (cf. (2.1))
Vect(ΠtameX/k ) −→ Vect(Π
N
X/k)
≃
−−→ EFin(X ) ⊂ Vect(X )
induces an equivalence of categories (cf. [7, Theorem 12.2])
Vect(ΠtameX/k )
≃
−−→ TFin(X ). (4.1)
In particular, TFin(X ) is a tannakian category over k and it is the largest tannakian semisimple
subcategory of EFin(X ).
The following is a variant of Theorem 2.1 (see also Theorem 2.2).
Proposition 4.4. Let X be a proper inflexible algebraic stack of finite type over a perfect field k
of characteristic p > 0. Let f : Y −→ X be a Nori-reduced finite tame e´tale G-torsor. Then the
following diagrams are 2-Cartesian.
Y //
f

Πtame
Y/k
//
f∗

Spec k

X // Πtame
X/k
// BG.
Proof. We shall adopt the argument in the proof of [6, Theorem I]. We define a finite stack Π over
Πtame
X/k to be the 2-fiber product
Π

//
f∗

Spec k

Πtame
X/k
// BG.
Hence, all the squares in the diagram
Y
v //
f

Π //
f∗

Spec k

X u
// Πtame
X/k
// BG.
are 2-Cartesian. It suffices to show that the morphism Y −→ Π gives the tame fundamental gerbe
of Y over k. First note that since f : Y −→ X is Nori-reduced, the morphism Πtame
X/k −→ BG is a
gerbe and so is Π −→ Speck. Moreover, since Π −→ Πtame
X/k is representable and Π
tame
X/k is tame, the
gerbe Π is tame as well. In particular, by [7, Proposition 10.3], the category Vect(Π) is semisimple.
Since now X is inflexible and proper, by [7, Theorem 12.2], the pullback functor u∗ induces an
equivalence of categories
u∗ : Vect(ΠtameX/k )
≃
−−→ TFin(X ),
whence u∗OX ≃ OΠtame
X/k
(cf. [6, Lemma 1.22]). As f∗ is faithfully flat, by flat base change, we also
have v∗OY ≃ OΠ, which implies that the pullback functor
v∗ : Vect(Π) −→ EFin(Y)
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is fully faithful. However, as Vect(Π) is a semisimple tannakian category, the essential image of v∗
must be contained in TFin(Y). To prove that Y −→ Π gives the tame fundamental gerbe of Y over
k, it suffices to show that the functor
v∗ : Vect(Π) −→ TFin(Y)
is essentially surjective. By applying [6, Lemma 2.7] to the diagram
Vect(Y) TFin(Y)? _oo Vect(Π)? _oo
v∗
ww
Vect(X )
f∗
OO
TFin(X )? _oo
OO
Vect(Πtame
X/k ),
≃oo
OO
u∗
gg
we can conclude that for any vector bundle V ∈ Vect(Y) lies in the essential image of v∗ if and only
if f∗V is tamely finite. Therefore, to complete the proof, we have only to show that for any tamely
finite bundle V ∈ TFin(Y), the pushforward sheaf f∗V is tamely finite on X .
This is a consequence of the existence of Galois envelopes (cf. Definition 2.4). Indeed, this
implies that for any H-torsor Z −→ Y with H linearly reductive, there exists a Γ-torsor P −→ X
where Γ is linearly reductive together with homomorphisms α : Γ −→ G and β : Ker(α) −→ H such
that there exists a commutative diagram
P
 ❄
❄❄
❄❄
❄❄
❄
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
Z // Y // X ,
where P −→ Y is Ker(α)-equivariant and P −→ Z is Ker(β)-equivariant.
Indeed, for any tamely finite bundle V ∈ TFin(Y), by definition, there exists an H-torsor
h : Z −→ Y such that h∗V ≃ O⊕m
Z
. Therefore, if π : P −→ X denotes the Galois envelope
associated with the tower Z −→ Y −→ X as above and g : P −→ Y the Ker(α)-equivariant
morphism, then V ⊆ g∗g
∗V ≃ g∗O
⊕m
P
, whence f∗V ⊆ f∗g∗O
⊕m
P
≃ π∗O
⊕m
P
, where the latter vector
bundle is tamely finite because π : P −→ X is a finite linearly reductive torsor. This completes the
proof.
4.2 Tame fundamental gerbes of curves
Let k be an algebraically closed field k of characteristic p > 0. Let X be a projective smooth curve
over k of genus g ≥ 0 and of p-rank 0 ≤ γ ≤ g. Let U ⊆ X be a nonempty open subscheme of X
and let n
def
= #(X \ U) ≥ 0. In this subsection, we shall discuss on basic properties of the tame
fundamental gerbe ΠtameU/k of U .
First let us show a finiteness of isomorphism classes of finite linearly reductive torsors.
Lemma 4.5. For any finite linearly reductive group scheme G over k, the set Homk(U,BG) is finite.
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Proof. By [15, Proposition 4.5], if we choose an integer r > dimkOG, then we have an equivalence
of categories
Homk(
r
√
D/X,BG)
≃
−−→ Homk(U,BG),
where r = (r)ni=1. On the other hand, the proof of [3, Proposition 4.4] implies that the category
Homk(
r
√
D/X,BG) has only finitely many isomorphism classes of objects. This completes the
proof.
Next let us discuss on a base-change property of the tame fundamental gerbes.
Lemma 4.6. Let k ⊆ k′ be an extension of algebraically closed fields of characteristic p > 0. Then
for any finite linearly reductive group scheme G over k, the functor
Homk(U,BG) −→ Hom(Uk′ ,BGk′).
is an equivalence of categories.
Proof. It suffices to show that the functor is essentially surjective. Since k is algebraically closed of
positive characteristic, we can write G as a semi-direct product
G = H ⋉∆
of a constant and tame group scheme H and a local and diagonalizable group scheme ∆. Then,
since U is smooth, the functor
Homk(U,B(H,∆)) −→ Homk′(Uk′ ,B(Hk′ ,∆k′)) (4.2)
is an equivalence of categories. Indeed, since U is a smooth curve, the projection Uk′ −→ U induces
an equivalence of categories
Homk(U,BH)
≃
−−→ Homk′(Uk′ ,BHk′).
Moreover, note that if Y is a proper smooth curve over k, then an extension k ⊆ k′ of algebraically
closed fields of characteristic p > 0 does not affect the p-rank of Y . This fact together with [17,
Proposition 3.2] implies that, for any smooth curve V over k, the functor
Homk(V,B∆)
≃
−−→ Homk′(Vk′ ,B∆k′)
is an equivalence of categories.
Hence, the functor (4.2) is an equivalence of categories. Therefore, for any morphism ξ : Uk′ −→
BGk′ , the composition Uk′ −→ BGk′ −→ B(Hk′,∆k′) descends to an k-morphism U −→ B(H,∆).
Let
W −→ V −→ U
denote the corresponding (H,∆)-tower of torsors over U . As observed in Remark 3.9, it suffices to
show that the isomorphisms
χh : (Wh)k′ = (Wk′)h
≃
−−→ h∗Wk′ = (h
∗W )k′ , h ∈ H
induced by the Gk′-torsor structute of the tower Wk′ −→ Vk′ −→ Uk′ are defined over k. However,
since ∆ is abelian, the Isom sheaf
IsomVk′ ((Wh)k′ , (h
∗W )k′) = IsomV (Wh, h
∗W )×k k
′
is a ∆k′-torsor over Vk′ which is defined over k, whence the claim.
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Lemma 4.7. (cf. [3, Lemma 6.4]) Let G1 and G2 be two finite flat linearly reductive group schemes
over a scheme S. Then the Hom scheme HomS(G1, G2) of S-homomorphism of group schemes is
finite, flat and locally finitely presented over S.
Corollary 4.8. Let k ⊆ k′ be an extension of algebraically closed fields. Then for any two finite
linearly reductive group schemes G1 and G2 over k, the map
Homk(G1, G2) −→ Homk′(G1,k′ , G2,k′)
is bijective.
Proof. Indeed, for any finite k-scheme X, we have X(k) = X(k′). Therefore, the assertion is a
consequence of Lemma 4.7.
Corollary 4.9. Let k ⊆ k′ be an extension of algebraically closed fields. Let G1 and G2 be arbitrary
two finite linearly reductive group schemes over k. Then the map
Homk(BG1,BG2) −→ Homk′(BG1,k′ ,BG1,k′)
is bijective.
Proof. According to [1, Lemma 3.9], we have
Homk(BG1,BG2) ≃ [Homk(G1, G2)/G2].
Therefore, by Corollary 4.8, we obtain the following commutative diagram
Homk(G1, G2)
≃ //

Homk′(G1,k′ , G2,k′)

Homk(BG1,BG2)
  // Homk′(BG1,k′ ,BG2,k′),
whence the desired bijective map.
Corollary 4.10. With the same notation as above, if k ⊆ k′ is an extension of algebraically closed
fields, then the natural morphism
ΠtameUk′/k′
−→ ΠtameU/k ×k k
′
is an isomorphism.
Proof. For any finite linearly reductive k-group scheme G, by Lemma 4.6 and Corollary 4.9, we
have a commutative diagram
Homk′(Π
tame
U/k ×k k
′,BGk′) // Homk′(Π
tame
Uk′/k
′ ,BGk′)
≃

Homk(Π
tame
U/k ,BG)
≃
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
≃
OO
Homk′(Uk′ ,BGk′)
Homk(U,BG)
≃
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
This completes the proof.
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Finally, we discuss on a structure of the tame fundamental gerbes of smooth curves.
Proposition 4.11. With the same notation as above, there exists a natural isomorphism of affine
gerbes over k,
ΠtameU/k
≃
−−→ lim
←−
r
ΠtameXr/k
Proof. This is a consequence of [15, Proposition 4.5].
Corollary 4.12. With the same notation as above, let f : V −→ U be a Nori-reduced finite tame
e´tale G-torsor. Then all the squares in the following diagram are 2-Cartesian.
V //
f

ΠtameV/k
//
f∗

Spec k

U // ΠtameU/k
// BG.
Proof. By virtue of Proposition 4.11, the assertion is immediate from Proposition 4.4.
4.3 Comparison of the tame fundamental gerbes
Now we introduce a comparison map for the tame fundamental gerbes associated with a family
of marked projective smooth curves in characteristic p > 0. Let k be an algebraically closed
field of characteristic p > 0. Let R be a complete discrete valuation ring in equal characteristic
p > 0 with residue field k and with fraction field K, which is non-canonically isomorphic to the
ring k[[t]] of formal power series in one variable. Let η (respectively s) be the generic point of
S
def
= SpecR (respectively the closed point of S). Let X be a genus g projective smooth R-curve
with geometrically connected fibres. Let D ⊂ X be a effective Cartier divisor of X which is finite
e´tale over S. Let (XK ,DK) (respectively (X0,D0)) be the geometric generic fiber of (X ,D) −→ S
(respectively the closed fiber of (X ,D) −→ S). Similar for U
def
= X \D, UK and U0. First note
that, for each tame finite group scheme GK over K, there exists a natural equivalence of categories
Hom(US ,BGS)
≃
−−→ Hom(UK ,BGK).
Indeed, since for any object ξ : U −→ BGS , the automorphism group scheme AutS(ξ) is finite
flat S-group scheme, whence AutS(ξ)(S)
≃
−−→ AutS(ξ)(K) bijective. Therefore, the above functor
is fully faithful. Moreover, by [15, Corollary 4.3], the functor is essentially surjective, whence an
equivalence of categories. Therefore, we get a natural functor
Hom(UK ,BGK)
≃
←−− Hom(US ,BGS)
−−→ Hom(U0,BG0)
≃
−−→ Hom(U0,K ,BGK),
where the last equivalence is due to Lemma 4.6. Then, by the universality of the tame fundamental
gerbes of UK and U0,K respectively, we get the map
cmpU /S : Π
tame
U
0,K
−→ ΠtameUK , (4.3)
which we call the comparison map associated with the family U −→ S and denote also by cmp, or
cmpU to ease of notation. Note that by Corollary 4.10, we have
ΠtameU
0,K
= ΠtameU0 ×k K.
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Lemma 4.13. For each finite linearly reductive group scheme G over k, the functor
Hom(UK ,BGK) −→ Hom(U0,BG)
is essentially surjective, whence
#Hom(UK ,BGK) ≥ #Hom(U0,K ,BG) (4.4)
(cf. Lemma 4.5). Moreover, the comparison map (4.3) cmpU /S : Π
tame
U
0,K
−→ ΠtameUK
is representable.
Proof. The first assertion is immediate from Theorem 3.7. The first assertion implies that the
restriction functor
cmp∗ : Vect(ΠtameUK
) −→ Vect(ΠtameU
0,K
)
satisfies the condition in [9, Theorem A.1(ii)], whence the second assertion.
Lemma 4.14. With the same notation as above, let V −→ U be a prime-to-p e´tale G-torsor
which has geometrically connected fibers. By Abhyankar’s lemma, there exists a projective smooth
R-curve Y together with an effective Cartier divisor E ⊂ V which is finite e´tale over S = SpecR
such that V = Y \E. Then the following diagrams are 2-Cartesian.
ΠtameV
0,K
cmpV //

ΠtameVK
//

SpecK

ΠtameU
0,K
cmpU // ΠtameUK
// BGK .
In particular, if the comparison map cmpU associated with U −→ S is isomorphic, then so is the
one cmpV associated with V −→ S.
Proof. This is immediate from Corollary 4.12.
4.4 Variation of the tame fundamental gerbes
Let Mg,n,Fp
def
= Mg,n ×Z Fp be the coarse moduli space of n-marked projective smooth curves of
genus g in positive characteristic p > 0, which is a geometrically irreducible quasi-projective smooth
variety over Fp of dimension 3g − 3 + n. Fix an algebraically closure Ω of the residue field of the
generic point of Mg,n,Fp. We define the map
Πtame :Mg,n,Fp −→ {gerbes over Ω} (4.5)
from the set of the geometric points of Mg,n,Fp into the set of isomorphism classes of gerbes over
Ω as follows. Each geometric point x : Spec k −→Mg,n,Fp corresponds to the isomorphism class of
the n-marked genus g projective smooth curve (C, {p1, · · · , pn}) over k. Now we define
Πtame(x)
def
= [Πtame(C \ {p1, . . . , pn})×k Ω].
Moreover, since the tame fundamental gerbes of smooth curves commute with the base change
along any algebraically closed field extensions (cf. Corollary 4.10). Therefore, the map (4.5) is
well-defined.
In this section, we study the map Πtame(4.5). Let us begin with the following lemma.
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Lemma 4.15. Suppose that 2g − 2 + n > 0. Let R be a complete discrete valuation ring of equal
characteristic with algebraically closed residue field k of characteristic p > 0. Let S = SpecR −→
Mg,n,Fp be a nonconstant morphism and (X ,D = (xi)
n
i=1) −→ S the corresponding n-marked S-
curve with U
def
= X \ {x1, . . . , xn}. Let η (respectively s) be the generic point of S (respectively
the closed point of S). Then the following conditions are equivalent.
(a) Πtame(η) 6= Πtame(s).
(b) ΠtameU0 ×k K 6≃ Π
tame
UK
.
(c) There exists a finite tame group scheme G over k such that
#Hom(UK ,BGK) 6= #Hom(U0,BG).
(d) The comparison map (4.3)
cmpU /S : Π
tame
U0 ×k K −→ Π
tame
UK
is not an isomorphism.
Proof. The equivalence among (a), (b) and (c) is immediate from the definition of the tame funda-
mental gerbes and the map Πtame (4.5). The implication (b) =⇒ (d) is also obvious. Recall that
the inequality (4.4) always holds. Then the implication (d) =⇒ (c) is immediate. This completes
the proof.
Theorem 4.16. We have the following.
(1) Suppose that 2g − 2 + n > 0. For any closed point u ∈Mg,n,Fp , we have
Πtame(η) 6= Πtame(u),
where η is the generic point ofMg,n,Fp . Therefore, for any nonempty open subsetW ⊆Mg,n,Fp,
there exist two points v0, v ∈W with v0 a specialization of v of codimension one such that
Πtame(v) 6= Πtame(v0).
(2) Suppose that g ≥ 2. Let k be an arbitrary algebraically closed field of characteristic p > 0.
For any proper integral closed k-subscheme Z ⊂ Mg,n,k of dimension one with the generic
point t, then there exists a closed point s ∈ Z such that
Πtame(t) 6= Πtame(s).
Proof. (1) Put k = Fp. The second assertion is immediate from the first assertion. Indeed, if there
exists a nonempty open subset W ⊆ Mg,n,k such that for any two points v0, v ∈ W with v is a
specialization of v0 of codimension one, we have Π
tame(v) = Πtame(v0), then, for each closed point
u ∈W , by taking a chain of specializations of codimension one
η = vn  vn−1  · · · v0 = u
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in W , we can conclude that Πtame(η) = Πtame(u). Thus it suffices to show the first assertion. Fix
a closed point u of Mg,n,k and choose a strictly henselian local ring R with u the closed point of
S
def
= SpecR and η the generic point of S. Let (X ,D = (xi)
n
i=1) −→ S be the corresponding family
of n-marked genus g curves with U
def
= X \ {xi}
n
i=1.
First we shall reduce the problem to the case where g ≥ 2. Let Vu −→ Uu be a connected
prime-to-p e´tale Galois covering with group H such that the smooth compactification Yu of Uu is
of genus greater than or equal to 2. The ramified H-covering Yu −→ Xu can be uniquely lifted to
a ramified H-covering Y −→ X with Y is a smooth proper R-curve. Put E ⊂ Y be the inverse
image of D in Y , which is an effective Cartier divisor of Y finite e´tale over S. Put V
def
= Y \E. If
one can prove that
ΠtameVu ×k k(η) 6≃ Π
tame
Vη
,
as we have already seen above, there exist two points v0, v ∈ S with v0 is a specialization of v of
codimension one such that ΠtameVv0
× k(v) 6≃ ΠtameVv . By Lemmas 4.14 and 4.15(d), we can conclude
that ΠtameUv0
× k(v) 6≃ ΠtameUv , which implies that
ΠtameUu ×k k(η) 6≃ Π
tame
Uη
.
Therefore, according to Yang’s result [26, Theorem 2.4], for the projective smooth curve Xu over
k = Fp, there exists a connected Z/mZ-covering Yu −→ Xu with p ∤ m such that Yu is not ordinary.
On the other hand, by the Nakajima–Zhang theorem [26, Proposition 1.3], any connected Z/mZ-
covering of the curve Xη is always ordinary. In particular, the lifting Yη −→ Xη of Yu −→ Xu is
ordinary. Put H = Z/mZ and we define a finite flat linearly reductive group scheme Γ over R by
Γ
def
= HR ⋉
∏
h∈H
µp,R,
where the action of HR on
∏
h∈H µp,R is the permutation of the components induced by the multi-
plication of H = Z/mZ. Then, by [6, §3], we have
BΓη ≃ B(Hη, µp,η), BΓu ≃ B(Hu, µp,u) (4.6)
Now we claim that
#Hom(Uη,BΓη) > #Hom(Uu,BΓu),
which implies that
ΠtameUη 6≃ Π
tame
Uu
×k k(η),
whence (1). Let pη (respectively pu) the natural map Hom(Uη,BΓη) −→ Hom(Uη,BHη) (respec-
tively Hom(Uu,BΓu) −→ Hom(Uu,BHu)). Note that we may identify
H
def
= Hom(Uη,BHη) = Hom(Uu,BHu).
Moreover, for each ξ ∈ H, there exists an inequality
#p−1η (ξ) ≥ #p
−1
u (ξ).
Therefore, it suffices to show that there exists an element ξ ∈ H such that
#p−1η (ξ) > #p
−1
u (ξ).
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Choose ξ = [Yη|Uη ] = [Yu|Uu ] ∈ H. Notice that, by (4.6), we have
p−1η (ξ) = Hom(Yη|Uη ,Bµp,η) = H
1
fppf(Yη|Uη , µp), p
−1
u (ξ) = Hom(Yu|Uu ,Bµp,u) = H
1
fppf(Yu|Uu , µp)
However, since the inverse image E ⊂ Y of D is finite e´tale over R and Yη is ordinary but Yu is
not, we have
dimFpH
1
fppf(Yη|Uη , µp) > dimFpH
1
fppf(Yu|Uu , µp).
This completes the proof.
(2) After taking a finite e´tale covering of Z and the normalization of the covering, we obtain
a non-isotrivial family (X ,D) → Z of n-marked genus g smooth curves over a projective smooth
k-curve Z with U = X \D where D = {xi}
n
i=1. By Lemma 4.15, it suffices to show that
#Hom(Ut,BGt) > #Hom(Us,BG)
for some closed point s ∈ Z and some finite linearly reductive k-group scheme G.
Then, by [20, Theorem 4.6], there exists a finite connected e´tale covering Z ′ → Z, a prime-to-p
covering Y ′ → X ′ = X ×Z Z
′, and a closed point z′ ∈ Z ′ such that
dimFpH
1
fppf(Y
′
t
′ , µp) > dimFpH
1
fppf(Y
′
z′ , µp),
where t′ → Z ′ is the generic point. If one take the image of z′ as a closed point s ∈ Z, then the
same argument as in the proof of (1) implies the assertion. This completes the proof.
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